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Abstract 

A closed spin Kahler manifold of positive scalar curvature with smallest 
possible first eigenvalue of the Dirac operator is characterized by holomorphic 
spinors. It is shown that on any spin Kahler-Einstein manifold each holomor- 
phic spinor is a finite sum of eigenspinors of the square of the Dirac operator. 
Vanishing theorems for holomorphic spinors are proved. 

Introduction 

Let M^"^ be a spin Kahler manifold of complex dimension m and scalar curvature 
R. If M^™ is closed and Rq := min{R) > 0, then it is known from [9] that the first 
eigenvalue Ai of the Dirac operator D satisfies the inequality 
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jy^2m jg g^iigfj ]-)g a limiting manifold iff this inequality is an equality. There 
are good descriptions of limiting manifolds for odd m (see [8], [10], [11], [16]). The 
most important result in this direction was proved by A. Moroianu which says that 
each limiting manifold of odd complex dimension m > 3 is the twistor space of a 
quaternionic Kahler manifold of positive scalar curvature. By Theorem 6 in [11], 
this implies that limiting manifolds of complex dimension m = 4A; + 3 are just the 
closed Kahler-Einstein manifolds carrying a complex contact structure. Moreover, 
the complex projective spaces CP™ are the only limiting manifolds for m = + 1. 
In this paper we add a holomorphic characterization of limiting manifolds: If m 
is odd, then we prove that a closed spin Kahler manifold M^"* of positive scalar 
curvature is a limiting one iff M is Einstein and the bundle A ' 2 (g) y A™'^ ad- 
mits a holomorphic section, where A™''' is the canonical bundle and V A"^'^ the spin 
structure of M^"^. By Moroianu's theorem, this is an assertion on the twistor spaces 
of quaternionic Kahler manifolds of positive scalar curvature. In case where m is 
even we obtain an analogous description of limiting manifolds using a result of A. 
Moroianu concerning the eigenvalues of the Ricci tensor (see [16]). We recall that the 
situation is not clear for even m > 4. In 1990 A. Lichnerowicz announced a theorem 
(see [13]) which asserts that in this case each limiting manifold is the product of the 
flat torus by a limiting manifold of complex dimension ni — 1. But up to now 
there is no proof of this theorem. Thus, for even m, the only classification result is 
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that of Th. Fricdrich in case m = 2 (see [2]). The holomorphic characterization of 
hmiting manifolds given here is a generalization of the holomorphic description in 
case m = 2 that was used by Th. Priedrich to obtain his classification. 
Our paper contains some other results, too. For example, we show that on any spin 
Kahler-Einstein manifold M^™ each holomorphic spinor is the sum of at most m + 1 
eigenspinors of the square of the Dirac operator. Moreover, we obtain vanishing 
theorems for holomorphic spinors using basic Weitzenbock formulas of spin Kahler 
geometry. 

The author would like to thank Th. Friedrich and A. Moroianu for useful hints and 
discussions. 



1 Basic equations satisfied by holomorphic spinors. 

Let M^'" be a spin Kahler manifold of complex dimension m with complex structure 
J, Kahler metric g and spinor bundle S. Then the Kahler form O defines a canonical 
splitting 

(1) S = SQ(S)Si®---®Sm 

into holomorphic subbundles Sr = A^'''(8)S'o (r = 0, 1, . . . , m, ) of rank ^ ^ ) where 

So = ^/A^ is the square root of the canonical bundle representing the spin structure 
of M^"* (see [6] or [3], Section 3.4.). Considering O as an endomorphism of S the 
action of Q, on 5"^ is just the multiplication by i{m — 2r). Let p{X) := ^{X — iJX) 
and p{X) := i(X + iJX) for any real vector field X and let if) € T{Sr)- Then wc 
have p{X) ■ G r(S'r+i) and p{X) ■ ^ G T{Sr-i)- Furthermore, let {Xi, . . . , X2m) be 
any local frame of vector fields and {^^,--- the corresponding coframe. Using 

the notations gki ■= g{Xn,Xi), {g^^) := {gki)~^, '■= g^^^i (Einstein' s convention 
of summation) and g{X) := g{X, ■) the holomorphic and antiholomorphic part of 
the covariant derivative Vip of any spinor tp G r('S') are locally defined by 



(2) 

yo. V := e ® Vp-(x,)V' = <^ Vp-(x,)V', 

respectively. This yields the decomposition 

(3) VV' = V^'V + V°'V 

with V^'°V G r(Ai'° (g) S) and V°'V e r(A°'i (g) S). tp is called to be holomorphic 
(antiholomorphic) iff V°'V = (V'^'^ip = 0). 

The Dirac operator D and its Kahler twist D are locally given by 

(4) D = X''-Vx, , D = J{X'')-Vx,. 

In the following the operators and D_ appear defined by D± := ^(-D =F iD). 
Then it holds 
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(5) 

D_ = p{X') . Vx, = PiX'^) ■ V^(x,) = . V^(x,) 
and there are the operator equations 

(6) D = D+ + D_ , 

(7) Dl = D'i= 0, 

(8) = D+D_ + D^D+. 
Moreover, for G T{Sr), we have -DiV" G r(S'r±i). 

Proposition 1: Let ip G r(5') be any holomorphic (antiholomorphic) spinor. Then 
satisfies the equation 

(9) D+i/j = {D^tP = 0) 
and, moreover, the equation 

Vp^x)D-iJ + ^p{Ric{X))-ij = 

(10) 

{Vp^x)D+tP + ^p{Ric{X)) • V = 0) 
for each real vector field X, where Ric is the Ricci tensor. 

Proof: By definition, G ^(S) is holomorphic (antiholomorphic) iff there is the 
equation 

(11) Vp-(x)V' = (Vp(x)V' = 0) 

for each real vector field X. Thus, for example, we have = X'' ■ Vp(Xfc)V' = D^ip 
and hence (9). For any (p G T{S) and any X G r(rM^"*), there is the well-known 
relation 

(12) X'' ■ C{Xk, X)ip = ^Ric{X) ■ if, 

where C is the curvature tensor of S. Hence, since M^"* is Kahler, it holds 

y{RiciX))-<p = ^Ric{piX))-^ = ^X''-C{Xk,p{X))^ = 

= X^ . C{p{Xk),p{X))^=p{X^) ■ C(piXk),p{X))^ = 
= p{X'')-C{Xk,PiX))ip. 

Thus, (12) implies in Kahler case the relations 
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yiRic{X)) ■ ip = p{X^) ■ C{Xk,p{X))ip, 

(13) 

y{Ric{X)) ■ if = p{X^) ■ C{Xk,p{X))^. 

Now, let P G M^"^ be any point and let {Xi, . . . ,X2m) be a frame on a neighbour- 
hood of P such that 

(14) {VXk)p = {k = !,■■■, 2m). 
Using (5), (11), (13) and (14) we have at P 

Vp^x)D-^ + hPiRi<^)) ■ V' = Vp^x)D-i;+PiX') ■ C{Xk,p{X))i; = 

= V^-(x)(p(X^)Vx,V') +p{X''){Vx,Vp^x)^ - Vp-(x)Vx,V' - ^[x„pix)]i') = 

= -p{X>')V^x„pix)]^ = -p(X^)Vv,^p-(x)V' = -p{X'^)V,^^,^x)i^ = 0. 

This yields (10). □ 

Corollary 2: Let i/j G ^{S) be holomorphic (antiholomorphic). Then there is the 
equation 

(15) D + D. ^ = ^V A ^P-^, 

(-) (+) 4 (-) 2 

where R is the scalar curvature and p the Ricci form. 

Proof: Using (10) and the first one of the well-known relations 



(16) 



we have 



X'' ■piRic{Xk)) = -§-ip, 
X^-p{Ric{Xk)) = -^ + ip, 



= X^ ■Vp^x,)D-i^ + \x^ -piRiciXk))-^ 



= D+D^i;~-'>jj--p-i,. □ 



Let V*V be the Bochner Laplacian on T{S) locally given by 

(17) V*V = -/^(Vx,Vx,-Vv;,,x,). 

Then there is the well-known relation (see [12]) 
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(18) 



V*V = D^-- 
4 



Using (8), (9), (15) and (18) we immediately obtain 

Corollary 3: If ijj £ r(S') is holomorphic (antiholomorphic) , then satisfies the 
equivalent equations 

(19) D'^=^i;{-)'-p.i;, 

(20) V*VV=(-) '-p■^P. 

2 Holomorphic spinors and limiting manifolds. 

Theorem 4: Let M^™ be a closed spin Kdhler rnxmifold of odd complex dimension m 
with positive scalar curvature and spin structure Sq = VK^. Then M^"* is a limit- 
ing manifold iff M'^'^ is Einstein and the bundle A'^'~2~ (g) admits a holomorphic 
section. 



Proof: We recall that there are canonical unitary isomorphisms 

(21) ar : A"'"^ » So ^ Sr (r = 0, 1, . . . , m) 

defined by ar{u} (g) tpo) := 2~ici; • ipQ (see [7], Prop. 4). Prom Section 4 in [9] we 
know that limiting manifolds of odd complex dimension m arc Einstein. Moreover, 
there is a holomorphic eigenspinor G T(S m+i ) to the first eigenvalue Af = -^^^-R 

of D^. Thus, ^Q m+i ^ o is a holomorphic section of A'^'~2~ Sq. Conversely, 

let M be Einstein and let (/9 ^ be a holomorphic section of A ' 2 Sq. Then 

:= « m+i o ip £ T(S m+i ) is holomorphic. Hence, using Corollary 3, the Einstein 

2 2 

condition p = and 0,tp = i{m — 2 • ^^^)?/) = —iil^ we have 
Thus, M^"* is a limiting manifold. □ 



The corresponding holomorphic characterization of limiting manifolds in case of even 
complex dimension m is more complicated since such manifolds are not Einstein for 
m > 4. In case m = 2 the complete list of limiting manifolds is given by S'^ x 5^ 

and S"^ X (see [2]). In case m = 2/ > 4 it is known that the scalar curvature R 
is a (positive) constant and that there is a holomorphic eigenspinor ^ G r(S's) to 
the first eigenvalue \\ = R of which additionally satisfies the eigenvalue 

equation 

(22) ^•^ = -^^ 
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(see [9], Section 4). A previous result is 



Proposition 5: Let M^^ be a closed spin Kdhler manifold of even complex di- 
mension m > 4 with positive scalar curvature R. Then M^"* is a limiting manifold 
iff R is constant and Sin admits a holomorphic section satisfying equation (22). 

Proof: Let ^ V £ r(5s:) be holomorphic and also a solution of equation (22) and 
let i? > be constant. Then, by Corollary 3, it holds 

£,2^ = -i> + -pi^ = -ri^ + Y( TT^^ = T( TT^^- 

4 2 4 4(m — 1) 4(m — 1) 

Hence, M^"* is a limiting manifold. The converse is true by the preceeding remarks. 
□ 



In the following wc replace the condition (22) by a more geometrical one. We use 
the result of A. Moroianu that the Ricci tensor of a limiting manifold M^'" with 
m = 2Z > 4 has exactly the two constant eigenvalues 2m-2 ^ multiplicity 
2m — 2 and 2, respectively (see [16]). This property is called the condition (Ric). 

Lemma 6: Let M^™ he a spin Kdhler manifold satisfying the condition (Ric) and 
/eirG{l,...,m— 1}. Then there is an orthogonal splitting 

(23) Sr = Sr,0 © Sr,l 

(m — 1 \ 
^ ^ 1 (e = 0, 1) such that —ip 

acts on Sr,s «s multiplication by 2m-2 ■ ("^ — 1 — 2(r — e)). 

Proof: Let P G M^"* be any point. The Ricci form p defines an endomorphism 
pp : Sp — > Sp being compatible with the splitting Sp = {So)p ® • • • © (-S'm)p- 

If we look at the spin representation, then there is an identification such that 

m TO 

(24) = 5Z ^2fe-i • e2fe , pp = Pk{P)e2k-i ■ e2k, 

k=l k=l 

where pi{P), ■ ■ ■ , Pm{P) are the eigenvalues of the Ricci tensor at P and (ei, • • • , e2m) 
is the canonical basis of M?^ corresponding to a suitable orthonormal frame of 
TpM'^"\ Let {?iei...e^ \£i, - ■ ■ ,£m € {1, —1}} be the standard basis of the spin mod- 
ule. Then there are the relations 

(25) e2k-l ■ e2k ■ Uei...em. = i^k ■ Uei...e^ {k = !,■■■ ,m). 
This yields 

(26) pp ■ = i ^Yl ^kPk{P)j ■ Ue-,...em- 

In case of condition (Ric) we can assume that 

pi(P) = • • • = Pm-iiP) = 2£^,Pm{P) = 0. Then (26) implies 
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R ^'"-^ 



£!...£„ 



Now, {Sr)p corresponds to the vector space over C spanned by all Us^...em for which 
exactly r of the are equal to —1. Hence, corresponding to the two possibilities 
£m = '^ and = — 1 the endomorphisms pp restricted to {Sr)p has exactly the two 

eigenvalues i 2^-2 {rn — l — 2r) and i 2^-2 ("^ — 1 — 2 (r — 1 ) ) of multiplicity ^ ^ ^ ^ 

CTfl — 1 \ 
^ 1 , respectively. □ 

Lemma 6 shows that in case of condition (Ric) a spinor ^ G T{Sm) satisfies the 
equation (22) iff t/; is a section of the subbundle 5"™: q of Sr^. Now we will see how 
this subbundle can be constructed with help of the Ricci tensor. The condition (Ric) 
provides an orthogonal J-invariant decomposition 

(27) TM^™ = EeF, 

where the fibres of the subbundles E and F at any point P G M^"* are given 
by Ep := ker(i2zcp — 2m-2 ) ^^"^ ■~ ker(i?zcp), respectively. This implies the 
decomposition 

(28) 2^0,1* jVf2m ^ ^0,1* ^ ^0,1* 

with rankc{E^'^*) = m — 1 and rankc{F^'^*) = 1. Thus, we have 

= (A''£;°'i*) ® ((A'-^^;"'!*) ® fO'1*). 

Hence, using the isomorphisms (21) we obtain 

(29) (A^-^O'i*) {A'-^E^'^*) 0So^ Sr. 
By construction, it holds 

/ m — 1 \ 



rankcHA^'E^'^*) ® 5o) 



r 



(30) 



rankc{{A^-^E^'^*) ^ F^'i* «> ^^o) = |^ ^_ j . 



Lemma 7: Lei r G {1, . . . , m — 1}. T/ieri the isomorphism (29) induces isomor- 
phisms 



(31) 



(A'^£;0'i*) ® 5o = -S,,o, 
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Proof: By Lemma 6 and (30), it is sufficient to show that ar{{A^ E^'^*) C^Si Sq) = Sr^o- 
Hence, we have to prove that p is the multiphcation by ^ 2m^2 ("^ — 1 — 2r) on 
ariiA^E*^'^*) (g) So). For any local frame {Xi, . . . , Xn),n := 2m, the Ricci form p 
acts on S by 

(32) p = ^ J(X'=) • RiciXk) 

(see [9], (54)). Now, let (Xi, . . . ,X„) be orthonormal such that 

(33) J{X2k) = X2k-i {k = l,...,m), 

(34) Ric{X2k) = ^£^X2k (A; = l,...,m-l), i?ic(X„) = 0. 
Then we have 

1 " 

(35) ^ = E -^(^fe) • 

^ k=i 



and, moreover, by (32) and (34), 



R 



(36) P=^^yT.A^>^)-^k- 

Let us consider the 2-form rj := Cl — ^^P- Then, by (33), (35) and (36), we obtain 

Using this we determine the action of ryp on the space 

a.((A'-£;0'i*) ^ g^^^ ^ 1^ . ^^1^ ^ {A-E^''*)p,^l^o G (5o)p} 

for any P G M^™. We remark that lo G (A''ii;°'i*)p impl ies Xfi—i_suj — X'l-iJiO — 0. 
Hence, using (25) and the properties of Clifford multiplication we calculate 

77 • (a; • V'o) = Xn-i • X„ • (a; • V'o) = (-l)''^n-i • (^ • (X„ • V'o)) = 



= (-!)'• • i-iyu ■ {Xn-i ■ Xn ■ ^0) = ■ ^0- 

Thus, T] is the multiplication by i on ar{A^E^'^* Sq). This proves the assertion 
since p = ;^(i^ — v) ^ is the multiplication by z(m — 2r) on Sr- □ 

Let M^"* be a spin Kahler manifold of even complex dimension m satisfying the 
condition (Ric). Then the subbundle 

(AT £;0'i*) ^SoC A^'f ® So 

constructed with help of the Ricci tensor only is not holomorphic in general. (Clearly, 
it is holomorphic if Ric is parallel). But also in case of a limiting manifold we can 
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not say up to now whether this bundle must be holomorphic or not. By Proposition 
5, Lemma 6 and Lemma 7 we immediately obtain 

Theorem 8: Let M^"* be a closed spin Kdhler manifold of even complex dimension 

m > 4 and posiUve scalar curvature. Then M^™ is a limiting manifold iff M^™ 
satisfies the condition (Ric) and A°'^ (g) admits a holomorphic section which si- 
multaneously is a section of the subbundle {A'2 E^'^*) Sq. 

We remark that the conditon (Ric) holds obviously if M^"* = A?^2m-2 ^ rp2^ where 
j^2m-2 jg ^ liniiting manifold of odd complex dimension m — 1 (see [9] , Section 5) . In 
these cases the Ricci tensor is always parallel. Hence, if the theorem of Lichnerowicz 
is valid, then the Ricci tensor must be parallel for each limiting manifold of even 
complex dimension m > 4. But Theorem 8 suggests the conjecture that there are 
examples with non-parallel Ricci tensor. 



3 Holomorphic spinors on Einstein manifolds. 

Let j : S ^ S he the j-structure of the spinor bundle S which always exists in even 
real dimensions. We recall that j is parallel and anti-linear, preserves the length of 
spinors, commutes with Clifford multiplication by real vectors and has the properties 

(37) jSr = Sm-r {r = 0,1,..., m), 

(38) / = (-l)^. 
Then we have obviously 

(39) jker(V^'°) = ker(V°'^) , j ker(V°'i) = ker(V^'°). 

Furthermore, let A be any eigenvalue of and let Ex{D^) denote the corresponding 
eigenspace. Then the relation 

(40) jEx{D^) = E-^{D^) 

is also obvious. El'^^iD^) := Ex{D^) n ker(V°'i) [eI'^D"^) := Ex{D^) n ker(Vi'°)) 

is the corresponding holomorphic (antiholomorphic) eigenspace. Moreover, we say 
that A is holomorphic (antiholomorphic) iff eI'^{D'^) ^ {eI'^{D'^) / 0). From 
(39) and (40) we see that 

(41) jEl'^D^) = E^^\d^) , jEl'\D^) = El^\D^). 
Thus, A is holomorphic iff A is antiholomorphic. 

Proposition 9: Let M^'" be any spin Kdhler- Einstein manifold. Then the sets of 

->2 



holomorphic eigenvalues of D coincides with the set of antiholomorphic eigenvalues 

- rR 
~2m 



and is contained in |r = 0,l,..., m}. Moreover, it holds 
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2m 

(42) (r = 0, l,...,m) 
E°^(L>2)cr(S^_,). 

2m 

Proof: Let A be any holomorphic eigenvalue of . Moreover, let ^ '0 G eY^{D'^) 
and V' = V'o + V'l + ■ ■ ■ + the decomposition according to (1). Using the equation 
(19) and the Einstein condition 

(43) p = —n 

we have 

= AV - = AV - - jp* = - 1) 1* - ^iSiV' = 



-(A-f)* + £;E(™-2»)^. = E(A-|£) 



■0s 



and hence (A — |^)'0s = for s = 0, 1, . . . , m. Since '0^0 there is an r with V^j. ^ 0. 
This implies A = and i/'s = for s / r. □ 

Proposition 10: Let M^"* be a spin Kdhler-Einstein manifold, let r G {0, 1, . . . , m} 
and let ip G T{Sr) be holomorphic (antiholomorphic) . Then i/j satisfies the eigenvalue 
equation 

(44) = (Z,= ,= (=^V.). 

Proof: For example, let ^/^ G T{Sr) be holomorphic. Then the equations (19), (43) 
and i^tp = i{m — 2r)ip imply (44). □. 



Theorem 11: // M is a spin Kdhler-Einstein manifold of scalar curvature R, then 
there are the decompositions 

ker(VO'i)= ©£;^(D2), 

r=0 2m 

(45) 

ker(Vi'°)= eE^'^iD^). 

r=0 2m 

Proof: Let G ker(V'^'^) and ip = ipo + ipi + ■ ■ ■ + tpm the decomposition according 
to (1). Since the splitting (1) is parallel, ijj is holomorphic iff each of its components 
V'r is holomorphic. Thus, Proposition 10 implies ipr € e]^{D^). □ 

2m 

From Proposition 10 and the structure (45) of the spaces of holomorphic or anti- 
holomorphic spinors we immediately obtain 
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Theorem 12: Let M^™ be a spin Kahler- Einstein manifold and R its scalar curva- 
ture. Then the following holds: 

(i) If 1^ is not an eigenvalue of for an r G {0, 1, . . . ,m}, then there is no 
holomorphic section in the bundle Sr and no antiholomorphic section in S^-r- 

(a) If ^ is not an eigenvalue of for each r G {0, 1, . . . ,m}, then there are no 
holomorphic and no antiholomorphic spinors on M^'". 

4 Holomorphic spinors on closed manifolds. 

Let Z,W be any complex vector fields on a spin Kahler manifold M^'". Then we 
use the notation 

for the corresponding second order derivative of spinors. We consider the Kahler- 
Bochner Laplacians on r{S) locally defined by 

V^'°*V^'<^ := -/'V,(x,),p(x,), 

(46) 

V0,l*\70,l r,klv7 , , , , 

By definition, we have the inclusions 

(47) ker(V^'°) C ker(V^'°*V^'°) , ker(V°'^) C ker(V°'^*V°'^). 

Proposition 13: There are the operator equations 

2vi>o*vi'0 = ^2 _ I + 

(48) 

2v0,i*v0'i = L>2 _ I _ 

Proof: For example, we prove the first one of these equations. Let P G M^"* be any 
point and (Xi , . . . , X2m) a frame in a neighbourhood of P with property (VXi,.) p = 
for A; = 1, . . . , 2m. Using the formulas (5), (8), (13) and (16) we have at the point P 



2V^'°*V^'° = -2/V,-(x,)Vp(xo = (X'^'+^'^')Vp-(x,)V,(xo^ 
= D+D_ + X'x'=(Vp(xoVp-(x,) - C{p{Xi),piXk))) = 
= D+D_ + D^D+ - X'X^C{p{Xi),p{Xu)) = 

= + X'piX^)C{Xk,p{Xi)) = D^ + ^X'piRic{Xi)) 
R i 



□ 



In 1979 M.L. Michelsohn proved Weitzcnbock formulas which are very similar to 
(48). M.L. Michelsohn also showed that V°'^*V°'-'^ and V^'^*V^'^ are non-negative, 
elliptic and formally self-adjoint differential operators (see [14], Prop. 7.2, 7.6). We 
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prefer the equations (48) since the Ricci form p enters here expHcitely being more 
convenient for apphcations considered here. For example, we remark that Corohary 
3 also follows from (47) and (48) immediately. 

Theoreml4: Let M^™ he a closed spin Kdhler manifold. Then a spinor is holo- 
morphic (antiholomorphic) iff ip satisfies equation (19) or (20). 

Proof: In closed case the inclusions (47) are equalities (see [14], Prop. 7.2). □ 

Theorem 15: Let M^"* he a closed spin Kdhler-Einstein manifold of scalar curvature 
R. Then we have the following: 

(i) For any r G {0, 1, . . . ,m\, ^ G F{Sr) is holomorphic (antiholomorphic) iff ijj 
satisfies the eigenvalue equation (44)- 

(a) In case R > the hundles Sr with r < m/2 (r > m/2) do not admit any 
holomorphic (antiholomorphic) section. In case R = each holomorphic or 
antiholomorphic spinor is parallel. 

(Hi) R holds keviV^'^) = © E]i{D^) and kev{V^'^) = E^^{D^) . 

r>m/2 2m r>m/2 2m 

Proof: In Einstein case the equations (19) and (44) are equaivalent for G r(S'r). 

Thus, assertion (i) follows from Theorem 14 immediately. Moreover, using the equa- 
tion (20) and the Einstein condition (43) we see that G T(Sr) is holomorphic 
(antiholomorphic) iff ip satisfies the equation 

v*v^ =(+) ^Ri^ 

which implies 

(v*v^,V) =(+) 

Integrating this equation we find 

iivvii^=(+) ^^mW- 

Let R > and -0^0. Then we obtain a contradiction for m > 2r (m < 2r). The 
case m = 2r provides Vip = 0. But it is known that the existence of a parallel 
spinor implies Ric = being a contradiction to our assumtion R > 0. Finally, in 
case i? = we always obtain Vip = 0. This proves (ii). The assertion (iii) follows 
from (ii) and Theorem 11. □ 

An essential generalization of Theorem 15, (ii) is 

Theorem 16: Let M^™ he a closed non- Ricci- fiat spin Kdhler manifold and let 
pi{P) > p2{P) > ••• > Pm{P) denote the eigenvalues of Ric at P £ M^™. Then 
the bundle Sr {r G {0, 1, . . . ,m}) does not admit any holomorphic (antiholomorphic) 
section if at each point P the condition 
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(49) pi(P) + . . . + p,{P) < ii?(P) {pm-r+l{P) + ■■■+ Pm{P) > \r{P)) 

is satisfied. 

Proof: Since pi{P) + • • • + Pm{P) = ^R{P), we see from (26) that the set of all 
eigenvalues of the endomorphism —ipp restricted to {Sr)p is given by 

(50) {^^(^) - ^(Pii(P) + --- + Pir{PW<ii<--- <ir<m 

Thus, for any tp G ^(Sr), the condition (49) yields {—ipip,jp) > {{—ipil).,^)) < 0). 
On the other hand, liij) E. T{Sr) is holomorphic (antiholomorphic) , then (20) imphes 
the equation 

which provides a contradiction for {—ip-'ip,il;) > {{—ip-ip,ip) < 0). □ 

We remark that the assertion of Theorem 16 is also valid if the condition (49) is not 
satisfied on a subset of M^™' of measure zero. Moreover, in case r = the condition 
(49) simply reduces to i? > (i? < 0). Hence, if M^™ is closed and non-Ricci-flat, 
the bundle 5*0 (Sm) does not admit any holomorphic (antiholomorphic) section in 
case R>0{R<0). Theorem 16 immediately yields 

Corollary 17: Let M^"^ be a closed non-Ricci-flat spin Kdhler manifold of complex 
dimension m > 3 with scalar curvature R > such that at each point P G M^'" 
the Ricci tensor has the eigenvalues 2m^-2 ^(^) ^'^^ ^ '^'fJ-ltiplicity 2m — 2 and 
0, respectively. Then the bundles Sr with r < (r > ^^^^) do not admit any 
holomorphic (antiholomorphic) section. 

By Theorem 8 and Corollary 17, we obtain 

Proposition 18: // M^™ is a limiting manifold of even complex dimension m > 4, 
then the bundles Sr with r < ^^^^ (r > ^^^^) do not admit any holomorphic (anti- 
holomorphic) section. 
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